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Abstract
Weakly s-arc transitive graphs are introduced and determined. A graph is said to be weakly s-arc transitive if its endomorphism
monoid acts transitively on the set of s-arcs. The main results are: (1) A nonbipartite graph is weakly s-arc transitive if and only if
it is s-arc transitive. (2) A tree with diameter d is weakly s-arc transitive for all 0sd. (3) A bipartite graph with girth g = 2s is
always weakly t-arc transitive for all 0 ts, but not weakly (s + 2)-arc transitive. Further, a bipartite graph with girth g = 2s is
weakly (s + 1)-arc transitive if and only if the graph has diameter s.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this paper graphs are ﬁnite, simple, undirected, and connected. An s-arc in a graph is a sequence of
vertices (v0, . . . , vs) such that consecutive vertices are adjacent and vi−1 = vi+1 where 1 is − 1. A graph is s-arc
transitive if its automorphism group acts transitively on the set of s-arcs. The s-arc transitive graphs and other kinds of
transitive graphs have been intensively studied by using automorphisms of graphs and group theory which have played
an important role in graph theory, and promising and interesting results have been obtained (see [1,2,5]).
Fan introduced weakly transitive graphs and investigated these graphs by using endomorphisms of graphs and
semigroup theory (see [3,4,6]). In this paper, we consider weakly s-arc transitive graphs.
Let X be a graph with vertex set V (X) and edge set E(X). We write {x1, x2} ∈ E(X) if the vertices x1 and x2 are
adjacent in X. For two graphs X and Y, a mapping f : V (X) → V (Y ) is said to be a homomorphism from X to Y if f
preserves adjacency of vertices, i.e., {x1, x2} ∈ E(X) implies {f (x1), f (x2)} ∈ E(Y ) for any x1, x2 ∈ V (X). If f is
bijective and f−1 is a homomorphism from Y to X, then f is an isomorphism from X to Y. If X = Y , then the above
mappings are called endomorphisms and automorphisms, respectively. Let EndX be the set of all endomorphisms
of X and AutX the set of all automorphisms of X, then EndX forms a monoid under composition, and is called the
endomorphism monoid of X. Similarly, we have the automorphism group AutX. Clearly, AutX ⊆ EndX.
A graph X is a core if any endomorphism of X is an automorphism or, equivalently, if its endomorphism monoid
equals its automorphism group. A subgraph A of X is a core of X if A is a core and there is a homomorphism from X to
A. Every graph has a core, and all its cores are isomorphic. See [5, Chapter 6] for details.
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Deﬁnition 1.1. A graph X is said to be weakly s-arc transitive if its endomorphism monoid EndX acts transitively on
the s-arc set. That is, for any two s-arcs  = (x0, . . . , xs),  = (y0, . . . , ys), there exists f ∈ EndX such that f maps 
to , i.e., f (xi) = yi, 0 is.
Obviously, s-arc transitive graphs are weakly s-arc transitive. But the converse is not true. Notice that weakly 0-
arc transitive means weakly vertex transitive, and a weakly 1-arc transitive graph is just another name for a weakly
arc transitive graph, or a weakly symmetric graph. Any bipartite graph is weakly 0-arc transitive and weakly 1-arc
transitive. Moreover, a graph is weakly arc transitive if and only if its core is arc transitive and any arc lies in a subgraph
isomorphic to the core [3,4,6]. Graphs with maximum valency less than three are paths or cycles. A path of length g
is weakly t-arc transitive for all 0 tg. A cycle of length g is weakly t-arc transitive for all t0. In this paper, we
shall usually assume that the graphs under consideration have maximum valency not less than three and s2 unless
speciﬁed otherwise.
For graph terminology and notation, please refer to [1,2,5].
The aim of this paper is to prove the following result.
Theorem 1.2. (1) A nonbipartite graph is weakly s-arc transitive if and only if it is s-arc transitive.
(2) A tree with diameter d is weakly s-arc transitive for all 0sd.
(3) A bipartite graph with girth g = 2s is always weakly t-arc transitive for all 0 ts, but not weakly (s + 2)-arc
transitive. Further, a bipartite graph with girth g = 2s is weakly (s + 1)-arc transitive if and only if the graph has
diameter s.
2. Proof of Theorem 1.2
We shall complete the proof of Theorem 1.2 by establishing several separate lemmas.
Recall that a subgraph A of X is isometric if dX(u, v) = dA(u, v) for any u, v ∈ V (A). That is, the distance of u and
v in X equals to that of u and v in A. A retraction of X is a homomorphiam f from X to a subgraph Y of X such that the
restriction to V (Y ) is the identity mapping. If there is a retraction from X to a subgraph Y, then we say Y is a retract of
X. The following lemma is from [5].
Lemma 2.1. (1) Let X be a nonbipartite graph. If every 2-arc lies in a shortest odd cycle of X, then X is a core.
(2) Let X be a bipartite graph, A its subgraph. If A is a shortest cycle or a connected isometric subgraph without
cycles, then A is a retract of X.
From Lemma 2.1 we have the next three lemmas.
Lemma 2.2. If X be a nonbipartite graph, then X is weakly s-arc transitive if and only if it is s-arc transitive.
Proof. We need only give the proof of the necessity part. Since X is a nonbipartite graph, there exists a shortest odd
cycleCwith the length g, the odd girth of X. The cycleC is a g-arc whose ends coincide. Because the maximum valency
of X is at least three, we can change one edge of C to obtain a g-arc C′ whose ends do not coincide. Since X is weakly
s-arc transitive, there exists an endomorphism of X which maps C to C′ if sg. But this is impossible. So, we have
s < g. Since any endomorphism maps a shortest odd cycle of X onto an odd cycle of the same length, by the weak s-arc
transitivity of X any s-arc lies in a shortest odd cycle. Thus, any 2-arc lies in a shortest odd cycle. By Lemma 2.1 (1),
X is a core. So, X is s-arc transitive. 
Lemma 2.3. If T is a tree with diameter d, then T is weakly s-arc transitive for all 0sd.
Proof. It is easy to know any s-arc ofT is an isometric subgraph. Then by Lemma 2.1 (2) any s-arc is a retract ofT for all
0sd. For any two s-arcs = (x0, . . . , xs), = (y0, . . . , ys), deﬁne a mapping h from  to  as h(xi)= yi, 0 is.
Let f be a retraction from T to . It is a routine to prove that g = hf is an endomorphism of T and g maps  to . So, T
is weakly s-arc transitive. 
Lemma 2.4. If X is a bipartite graph with girth g = 2s, then X is weakly t-arc transitive for all 0 ts.
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Proof. Since the girth of X is 2s, any t-arc of X is isometric for all 0 ts. By Lemma 2.1 (2), it is a retract of X.
Similar to the proof of Lemma 2.3 X is weakly t-arc transitive for all 0 ts. 
Bipartite graphs with girth g = 2s are not necessarily weakly (s + 1)-arc transitive. For example, let X be a graph
with vertex set V (X)={0, 1, 2, 3, 4, 5, 6}, E(X)={{0, 1}, {1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 6}, {6, 1}}. Since there is no
endomorphism of X that maps the 4-arc (4, 3, 2, 1, 6) to 4-arc (4, 3, 2, 1, 0), X is not weakly 4-arc transitive. But X is
a bipartite graph with girth g = 6.
In order to know further weak s-arc-transitivity of bipartite graphs, we need Tutte’s results on s-arc transitive graphs
[5]. Recall that for a graph X and a vertex x in X, the valency of x is the number of neighbors of x, and the maximum
valency of X is the maximum value of the valencies of all vertices in X. A graph X has valency k if every vertex in X
has equal valency k.
Lemma 2.5. (1) If X is an s-arc transitive graph with valency at least three and girth g, then g2s − 2.
(2) Let X be a graph with girth g = 2s. If X is (s + 1)-arc transitive, then it is bipartite and has diameter s.
The similar conclusion holds for weakly s-arc transitive graphs.
Lemma 2.6. If X is a weakly s-arc transitive graph with maximum valency at least three and girth g, then g2s − 2.
Proof. Suppose ﬁrst X is a nonbipartite graph. If X is a weakly s-arc transitive graph with maximum valency at least
three, then by Lemma 2.2 X is s-arc transitive and thus has valency at least three. It follows from Lemma 2.5 (1) that
g2s − 2.
Suppose nowX is bipartite. SinceX is aweakly s-arc transitive graphwithmaximumvalency at least three, there exists
an endomorphism f that maps the s-arc (p, . . . , v, u,w) to the s-arc (p, . . . , v, u, t). If sg/2, then g2s > 2s − 2.
If s > g/2, then these two s-arcs lie in two different cycles of length g. Now we have a cycle of length 2(g − (s − 1)).
So, 2(g − (s − 1))g. Hence g2s − 2. 
From Lemma 2.6 we get that a bipartite graph with girth g = 2s is not weakly (s + 2)-arc transitive.
Denote the diameter of X by d(X).
Lemma 2.7. Let X be a graph with girth g = 2s. If X is weakly (s + 1)-arc transitive, then it is bipartite and has
diameter s.
Proof. Since X has girth 2s, X has diameter at least s.We shall show d(X) = s. Otherwise, suppose that d(u, v)= s +1
for some u, v ∈ V (X). Then there is an (s + 1)-arc (u, . . . , v). Let C be a cycle of length 2s, and (x, . . . , y) be an
(s + 1)-arc lying in C. By the weak (s + 1)-arc transitivity, we get that there exists an endomorphism f which maps the
(s + 1)-arc (x, . . . , y) onto (u, . . . , v). Moreover, f must map the cycle C onto the cycle of the same length in which
the (s + 1)-arc (u, . . . , v) lies. But then the distance of u and v is at most s − 1, a contradiction follows. Therefore, the
diameter of X is at most s. Hence we have d(X) = s.
Now we show that X is bipartite. Otherwise, suppose that X is a nonbipartite graph. Since X is weakly (s + 1)-arc
transitive, by Lemma 2.2 we get that X is (s + 1)-arc transitive. By Lemma 2.5 (2) X is bipartite, and a contradiction
follows. Therefore, X is bipartite. 
Recall that a generalized polygon is a bipartite graph with diameter s and girth 2s. So, Lemma 2.7 means that weakly
(s + 1)-arc transitive graphs with girth 2s are generalized polygons. The converse is also true.
Lemma 2.8. If X is a generalized polygon with girth g = 2s, then
(1) Any (s + 1)-arc lies in a unique cycle of length 2s.
(2) X is weakly (s + 1)-arc transitive.
Proof. (1) Let = (v0, . . . , vs+1) be an (s + 1)-arc of X. Write d(v0, vs+1)=m, where ms. Then there is a path  of
length m from v0 to vs+1. If  and  are not internally disjoint, then we have a cycle whose length is less than 2s, and
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a contradiction follows. So,  and  are internally disjoint. Then  and  forms a cycleC. The length ofC is (s+1)+m.
It follows from (s + 1) + m2s that ms − 1. But m = s, for otherwise we have a cycle of odd length 2s + 1. Thus
m = s − 1, and  lies in the cycle C with length 2s.
Suppose that  lies in two cycles with length 2s. Thenwe shall get a cycle whose length is at most 2s−2, contradicting
to the girth 2s. So, the uniqueness is proved.
(2) For any two (s + 1)-arcs = (x0, . . . , xs+1), = (y0, . . . , ys+1), suppose that by (1)  lies in the cycle C1 and 
lies in the cycle C2, where the length of both C1 and C2 is the girth 2s. By Lemma 2.1 (2) both C1 and C2 are retracts
of X. Let f be a retraction from X to C1. The assignment h(xi) = yi, 0 is + 1 determines a unique homomorphism
h from C1 to C2. It is a routine to prove that g = hf is an endomorphism of X and g maps C1 to C2. So, X is weakly
(s + 1)-arc transitive. 
Remark 2.9. (1) It follows from Theorem 1.2 that all weakly s-arc transitive graphs are known modulo s-arc transitive
graphs.
(2) It follows from Lemmas 2.7 and 2.8 that if X is a graph with girth g = 2s, then X is weakly (s + 1)-arc transitive
if and only if it is bipartite and has diameter s.
(3) We also have the following result: if X is a graph with girth g, then X is weakly (g − 1)-arc transitive if and only
if X is a cycle Cg , a complete graph Kn, or a complete bipartite graph Km,n.
Suppose X is a graph with girth g, and X is weakly (g − 1)-arc transitive. If the maximum valency is 2, then X is a
cycle Cg . If the maximum valency is greater than 2, then by Lemma 2.6 we get g2(g−1)−2. That is, g4. If g=3,
by Lemma 2.2 X is 2-arc transitive. Therefore, X is a complete graph Kn. If g = 4, then X is weakly 3-arc transitive.
By Lemma 2.7 X is bipartite with diameter 2. So, X is a complete bipartite graph Km,n.
Conversely, Cg is weakly (g − 1)-arc transitive. Kn is weakly 2-arc transitive. By Lemma 2.8 Km,n is weakly 3-arc
transitive.
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